As a prototype model of antiferromagnetism, we propose a repulsive Hubbard Hamiltonian defined on a graph Λ = A∪B with A∩B = ∅ and bonds connecting any element of A with all the elements of B. The model is invariant under an arbitrary permutation of the A-sites and/or of the B-sites if all the hopping matrix elements associated with each bond are equal. This is the SN A ⊗ SN B -Hubbard model, NA (NB) being the number of elements in A (B). In this paper we analytically find the exact ground state of the SN ⊗ SN -Hubbard model at half filling. The wave function and the energy of the unique, singlet ground state assume a particularly elegant form for N → ∞.
I. INTRODUCTION
The Hubbard Hamiltonian is one of the most popular models to describe strongly correlated electron systems. In spite of its simple definition, it can be exactly solved only in few cases. An example is the milestone solution of the Hubbard ring [1] by means of the Bethe-Ansatz [2] extended to fermions [3] [4] . Other exact solutions were worked out for the one-dimensional Hubbard ring in the presence of an external magnetic field [5] , for the one-dimensional Hubbard chain with open boundary conditions [6] and thereafter for the SU (N ) one-dimensional Hubbard ring [7] . However, when the space dimensionality becomes bigger than 1, few exact results are available and usually they concern the ground state properties. Among them, we mention the Lieb theorem on the ground state spin degeneracy [8] that will be explicitly used in the present work. Still more infrequent are the exact ground state wave functions. To the best of our knowledge the only non-trivial results are the ferromagnetic ground-state solutions devised by Nagaoka [9] (infinite repulsion and one hole over the half filled system) and by Mielke and Tasaki [10] [11] (for which the kinetic energy spectrum is macroscopically degenerate or at least very flat).
In this paper we find the exact ground state wave function of a half-filled Hubbard model defined on a bipartite lattice Λ = A ∪ B with bonds connecting any element of A with all the elements of B. In Section II we define the model and introduce some notations. Let N = NA = NB be the number of sites of each sublattice. First, we find a (2N − 2)-body determinantal eigenstate |ΦAF with vanishing double occupation; then, we discuss its properties. In particular we show that mapping the A-sites onto the B-sites and viceversa, |ΦAF retains its form except for a spin-flip; we shall call this property the antiferromagnetic property. Several analogies with the properties of the half-filled standard N × N Hubbard model are pointed out at this stage. Section III deals with the spin projection of |ΦAF onto the singlet and the triplet subspace and useful identities between the two spin-projected states are derived. Then, in Section IV we propose an Ansatz for the ground state wave function at half filling containing the singlet and the triplet projection of |ΦAF . We set up the Schrödinger equation and by exploiting the antiferromagnetic property we close the equations and get 3 exact eigenstates. Finally, the ground-state uniqueness proved by Lieb [8] is used to show that the lowest-energy state of our Ansatz actually corresponds to the ground state of the system. The ground state energy is negative for any value of the repulsion U . Qualitatively, we may say that the particles manage to avoid the double occupation very effectively.
II. THE MODEL
Let Λ = A ∪ B with A ∩ B = ∅ be a collection of sites and
Here and in the following we shall denote by |S| the number of elements in the set S. We consider the Hubbard Hamiltonian
where cxσ (c † xσ ) is the annihilation (creation) operator of a particle at site x with spin σ =↑, ↓ andnxσ = c † xσ cxσ is the corresponding particle number operator. The hopping matrix T with elements Tx,y = tx,y = ty,x is a real-symmetric matrix while U is a positive constant. If tx,y = t for x ∈ A (x ∈ B) and y ∈ B (y ∈ A) 0 otherwise
the Hamiltonian in Eq. (2) is invariant under an arbitrary permutation of the A-sites and/or of the B-sites. Therefore, the symmetry group includes SN A ⊗ SN B , SN being the set of permutations of N objects. We name the model after this characteristic symmetry, but, as usual, the full group is much bigger. There is a Z2 symmetry because of the A ↔ B exchange. In addition, the presence of spin and pseudospin symmetries [8] leads to an SO(4) internal symmetry Group [12] [13] . It is convinient to label each site with an integer in such a way that x = 1, . . . , NA corresponds to sites in A and x = NA + 1, . . . , NA + NB corresponds to sites in B. In the special case NA = NB = N the hopping matrix can be written as
where Z is the N × N null matrix and J is the N × N matrix whose generic element Jx,y = 1. The one-body spectrum has three different eigenvalues
with degeneracy dg = 1, d0 = 2N − 2 and dḡ = 1 respectively. We use the convention t > 0 so that Eg is the lowest level and we shall call S hf the set of zero-energy one-body eigenstates. The orthogonal matrix O that diagonalizes T can be written in the form
. . .
where Zr is the (N − 1) × N rectangular null matrix, while R is an (N − 1) × N rectangular matrix whose rows are orthonormal vectors which are orthogonal to the N −dimensional vector (1, 1, . . . , 1, 1). The zero-energy one-body orbitals can be visualized by a simple argument. Consider any pair x, y, with x = y, of sites belonging to the same sublattice, say A, and a wavefunction ψx,y taking the values 1 and -1 on the pair and 0 elsewhere in A and in B. It is evident that ψx,y belongs to S hf . Operating on ψx,y by the permutations of SN we can generate a (non-orthogonal) basis of N − 1 eigenfunctions 1 vanishing in B; further, by means of the Z2 symmetry, we obtain the remaining orbitals of S hf , which vanish on A. This exercise shows that the group considered above justifies the (2N − 2)-fold degeneracy of the one-body spectrum.
Having obtained the one-body basis, one can form a suitable R matrix by orthogonalization. Let us define the transformed operators:
The inverse transformation reads
and the kinetic term H0 becomes
The one-body eigenstate a † i |0 has vanishing amplitudes on the B sublattice, that is 0|cxa † i |0 = 0 if x ∈ B. Similarly, b † i |0 has vanishing amplitude on the A sublattice and therefore the (2N − 2)-body state
is an eigenstate of H0 and of W with vanishing eigenvalue. In the following we shall use the wording W = 0 state to denote any eigenstate of H Hubbard in the kernel of W . It is worth noting that by mapping the Asites onto the B-sites and viceversa, |ΦAF retains its form except for a spin-flip; we call this property the antiferromagnetic property for obvious reasons.
In the non-interacting (U = 0) half filled system, the structure of the ground state is trivial: two particles of opposite spin sit in the lowest energy level g, while |S hf | = (2N − 2) particles lie on the shell S hf of zero energy. In the spin S z = 0 subspace this ground state is 2N − 2 N − 1 2 times degenerate. To first order in W , the degeneracy is only partially removed 2 . Indeed, if PS,M S is the projection operator onto the subspace of total spin S with z-component MS, the structure of the determinantal state in Eq.(10) yields
therefore, the states {g †
AF , S = 0, . . . , N − 1} belong to the ground state multiplet in first order perturbation theory (being W = 0 states). Since the Lieb's theorem [8] ensures that the interacting ground state
can have a non-vanishing overlap with |Ψ0(N, U ) in the limit U → 0. In Section IV we shall prove that g †
0,0 AF = 1. In the present model, the first-order solution has a peculiar significance. Usually, the exact ground state has no overlap with the non-interacting one, in the thermodynamic limit: this is because the U = 0 ground states define a proper subspace of the full Hilbert space. Below, we prove that
0,0 AF = 0 ∀U ; that is, the lowest approximation keeps a finite weight.
2 At weak coupling it makes sense to speak about particles in filled shells, which behave much as core electrons in atomic physics, and particles in partially filled, or valence, shells. In first order, we must diagonalize the perturbation W in the degenerate subspace, dropping the filled shells. Since W is a positive semi-definite operator, with vanishing eigenvalue, 0 is necessarily the lowest one. Typically, the first-order solution is a crude approximation to the exact one, but below, when discussing the exact results, we shall demonstrate that many of the qualitative features hold for all U .
Before closing this Section, we note the analogy of the above results with those relevant to the standard Hubbard model defined on a N ×N square lattice with periodic boundary conditions (hopping matrix elements only between nearest neighbor sites). The determinantal state |Φ (σ) AF resembles the W = 0 state that we obtained for even N in Ref. [14] [15] [16] . The degeneracy of the zero-energy one-body eigenspace was 2N − 2 and it was shown that N − 1 zero-energy eigenfunctions have vanishing amplitudes on a sublattice while the remaining N − 1 vanish on the other.
III. SINGLET AND TRIPLET PROJECTION OF |Φ (σ) AF
As we shall see in the next Section, to calculate the ground state of the SN ⊗ SN -Hubbard model we need the explicit expression for the singlet |Φ 
where σ † i,j creates a two-body singlet state:
and P is a permutation of the indices 1, . . . , N − 1. Since W commutes with the total spin operators and the determinant |Φ In a similar way one obtains the triplet projection. We define τ
as the two-body triplet creation operator with vanishing z-component m = 0 in the orbitals ai and bj:
Then, one has
The m = ±1 components of the triplet in Eq. (15) can be otained by means of the total raising and lowering spin operators. Let us introduce the following notations
The states |Φ
1,±1 AF
can be written as
Equivalently, the triplet state |Φ
1,m
AF , m = 0, ±1, can also be expressed in terms of the singlet |Φ 0,0 AF . It is a simple exercise to prove the following identities
As for the singlet, one can verify that W |Φ 
IV. THE GROUND STATE AT HALF FILLING
We are now ready to calculate the ground state |Ψ0(N, U ) of the half filled SN ⊗ SN -Hubbard model described in Section II. As already observed,
AF is a good candidate for the non-interacting ground state; its quantum numbers are the same as those of |Ψ0(N, U ) and moreover it belongs to the first-order ground state multiplet. Using the short-hand notations
for the three different two-body singlets that one gets from the lowest and the highest energy orbitals g and g and
for the triplet, we propose the following Ansatz for the interacting ground state |Ψ0(N, U ) :
where the γ's are c-numbers. It is worth noting that in |Ψ0(N, U ) the number of particles in the shell S hf is a constant given by 2N − 2. A priori, there is no reason for this choice since the total number operatorn a +n b of particles in the shell S hf does not commute with the Hamiltonian. Nevertheless, we shall see that the scatterings which do not preserve this number cancel out provided in S hf the (2N − 2)-body state is a W = 0 state. We shall refer to this very remarkable property as to the Shell Population Rigidity. We emphasize that even constraining the particle-number in S hf to be 2N − 2 with vanishing total spin z-component, there are AF is a W = 0 state. It has the right quantum numbers and, in principle, it could have a non-zero overlap with |Ψ0(N, U ) . Nevertheless, as we shall see below, the matrix elements of W between this state and the ones in the Ansatz are zero. This is the reason why we have dropped it in the expansion (28).
The three states in Eq.(28) are eigenstates of the kinetic-energy operator H0:
Expanding c x↓ c x↑ occurring in W in a, b, g,ḡ operators of Eq. (7), we may take advantage from the fact that |Φ 
So, we can write
with
and
where := means that the two sides are equivalent when acting on |Ψ0(N, U ) . Next, we transform the remaining two c † operators, using Eq. (8) . We note that the terms containing the sequence g † g † g a and similar terms with b instead of a and/or some g replaced byḡ vanish by symmetry; this is evident since
N x=1
Ri,x = 0 for any i = 1, . . . , N − 1. Similarly, the sequences like a † g † gg also do not contribute. By the particle-hole symmetry, which is specific of half filling, one easily shows that all the terms that create pairs in the S hf shell, like a † a † ga, a † a † gg etc., have no effect, like in Eqs.(30-31). To sum up, no term in W can change the number of particles in S hf . This proves the Shell Population Rigidity. Taking these cancellations into account one obtains
With W written in the transformed picture one can calculate the state W |Ψ0(N, U ) . After very long, but simple algebra one finds
while for the singlet
By means of the identities in Eqs.(23-24-25) one can write Eqs.(37-38) in a compact form
Let us now consider the second row in Eq.(39). If our Ansatz is correct, the state in the square brackets must be proportional to |Φ 0,0 AF . In this way one could close the equations and find an exact eigenstate. In Appendix A we prove that this is the case and in particular that
Hence, Eq.(39) yields
This result, together with Eqs.(40-41) and Eqs.(29), allows us to reduce the Schrodinger equation (H Hubbard − E)|Ψ0(N, U ) = 0 to the diagonalization of the matrix
where the relations
have been used. The thermodynamic limit N → ∞ is well defined and non-trivial. The Hamiltonian matrix in Eq.(44) becomes
with eigenvalues
The (unnormalized) eigenvector corresponding to the lowest eigenvalue E− furnishes 
This model is exactly solvable and the ground state is obtained by projecting onto the singlet the state where N particles lie on the A-sites with spin up and the remaining N on the B-sites with spin down: one finds
with σ †
The ground state energy is −2t 2 /U for N → ∞ and is equal to the first order approximation of E− in the small parameter (t/U ) 2 (the same conclusion holds for any finite N , although that is more tedious to prove). Furthermore, by direct inspection of the lowest energy eigenvector of H(N, U ) one can show that |Ψ0(N, U ) becomes the state in Eq.(51) when U → ∞. Therefore, |Ψ0(N, U ) reduces to the ground state of the SN ⊗ SN -Hubbard model in the two opposite limits U → 0 and U → ∞.
To prove that the lowest energy eigenstate of H(N, U ) is the unique ground state we are looking for, one can exploit the ground state uniqueness of the Heisenberg Hamiltonian proved in Ref. [17] . Since |Ψ0(N, ∞) is the ground state of the Heisenberg model and since the ground state of the half filled Hubbard model is unique, if |Ψ0(N, U ) were an excited state, that would require a level crossing for some value of U , contradicting the uniqueness.
V. SUMMARY AND CONCLUSIONS
We have introduced the SN ⊗ SN -Hubbard model and explicitly written the ground state wave function at half filling. The topology of the graph Λ allows (2N − 2)-body eigenstates |Φ S,M S AF of the Hamiltonian which are free of double occupation. They can be obtained projecting the determinantal state |ΦAF on a given spin-S subspace. |ΦAF has the antiferromagnetic property, that is the map A ↔ B is equivalent to a spin-flip.
We have shown that the ground state has a fixed number of particles in the zero-energy one-body shell S hf , independent of t and U . This very remarkable Shell Population Rigidity provides the closure of the equations. The present formalism lends itself to solve more realistic Hubbard Hamiltonians with an increasing number of negative and positive energy levels. Higher-spin projections |Φ S,M S AF are involved in the ground state expansions; the results will be published elsewhere. The calculation of the spin-spin correlation function is in progress and an antiferromagnetic long range order is expected. Also, we are currently investigating group-theory and dynamical aspects of the present model and its extensions (including external fields).
Finally, we recall [14] [15] [16] that the standard Hubbard model on a N × N square lattice and periodic boundary conditions also has |Φ S,M S AF -like eigenstates. It could be that the Shell Population Rigidity holds in this case too, but the proof is lacking. 
Let us consider the first and the third term in the square bracket of the right hand side of Eq.(A4). We have
